The T -matrix formally describes the solution of any electromagnetic scattering problem by a given particle in a given medium at a given wavelength. As such it is commonly used in a number of contexts, for example to predict the orientation-averaged optical properties of nonspherical particles. The T -matrix for electromagnetic scattering can be divided into four blocks corresponding physically to coupling between either magnetic or electric multipolar fields. Analytic expressions were recently derived for the electrostatic limit of the electric-electric T -matrix block T 22 , of prolate spheroids. In such an electrostatic approximation, all the other blocks were zero. We here analyse the long-wavelength limit for the other blocks (T 21 , T 12 , T 11 ) corresponding to electric-magnetic, magnetic-electric, and magnetic-magnetic coupling respectively. Analytic expressions (finite sums) are obtained in the case of spheroidal particles by expressing the fields with solutions to Laplace's equation, expanding the fields in terms of spheroidal harmonics and applying the boundary conditions. Similar expressions are also presented for the auxiliary matrices in the extended boundary condition method, often used in conjunction with the T -matrix formalism.
I. INTRODUCTION
The T -matrix is a widely used semi-analytic technique for the study of electromagnetic scattering by particles [1] [2] [3] [4] [5] [6] [7] [8] . In this approach, the electric and magnetic fields are expanded as series of vector spherical wavefunctions, and the T -matrix defines the linear relationship between the expansion coefficients of the incident and scattered fields. The T -matrix can be computed in many ways but a common approach is the extended boundary condition method (EBCM) [9] , which involves the division of two matrices whose matrix elements are given by integrals on the particle surface. It may also be possible to obtain the T -matrix directly from solving the problem from the boundary problem, which can be used to deduce analytic results for particles of simple shapes, for example spheroidal vector wave functions have been used to calculate the T -matrix for a spheroid [10] . This is the approach we apply here, but in the long-wavelength limit. This manuscript follows from Ref. [11] , where analytic expressions were obtained for the long-wavelength limit of the T -matrix block for electric-electric multipole coupling, T 22 , of a prolate spheroid. This limit is then equivalent to the solution of an electrostatic (or quasistatic) problem. The matrix elements were determined by solving the corresponding boundary problem (involving Laplace's equation) using spheroidal harmonics, and applying the expansions relating spherical/spheroidal harmonics [12, 13] to express the scattered field in terms of spherical harmonics and from there extract the entries of the T -matrix. Here we extend the approach to the other blocks governing interactions between electric and magnetic multipoles. The problem is more complicated as it can no longer be reduced to * mattmajic@gmail.com † eric.leru@vuw.ac.nz simply solving Laplace's equation, but similar analytic results can still be found. Note that unlike for T 22 , where the quasistatic limit coincides with an exact electrostatics problem, the quasistatic limits of the other blocks are only physically meaningful as approximations of the corresponding time harmonic problem. This analytic limit may nevertheless be useful for fundamental studies of the T -matrix method, for example in investigations of its convergence [14] or related problems associated with the Rayleigh hypothesis [15] . It may also be used as a substitute for high order elements in cases when they are well approximated by their lowest order approximation [16] . The manuscript is organized as follows. Section II is a brief recap of the T -matrix formalism and of the main notations. Section III summarizes the results obtained in Ref. [11] for T 22 . Section IV modifies the approach of Ref. [11] to obtain the quasistatic limit of T 21 , T 12 for general axisymmetric particles and derive analytic expressions for the matrix elements. Section V further modifies the approach to obtain T 11 . Section VI discusses these results, in particular proposes a definition for the generalized depolarization factors for spheroids, and exploits these to discuss the multipolar plasmon resonance conditions for metallic spheroids.
II. GENERAL APPROACH/NOTATIONS A. T-matrix formalism
We first summarize the T -matrix formalism for electromagnetic scattering [9] . We consider some known timeharmonic external electromagnetic field E e , H e incident on a non-magnetic particle in a non-absorbing medium. A time dependence e −iωt is implied. The permittivity inside and outside the particle are denoted i , o , with their ratio = i / o and relative refractive index s = √ (possibly complex and wavelength dependent). The wavenumber inside and outside the particle are denoted k i and k o with k i = sk o . The external field creates an internal field E i , H i inside the scatterer and a scattered field E s , H s , so that the field outside the particle is E o = E e + E s , H o = H e + H s . The fields are expanded as series of vector spherical wave functions:
where E 0 is the incident electric field strength and
RgM, RgN denote the regular wavefunctions while M, N denote the singular wavefunctions, corresponding to magnetic and electric multipolar fields, respectively. Our definitions differ by (−) m to those in appendix C of [6] . The problem is to determine the coefficients c 
and the Sommerfeld radiation condition for the scattered field at infinity. By linearity of Maxwell's equations, the coefficients are related by linear expressions commonly expressed in matrix form as: n as components, for all n and m. Within the EBCM, one typically also defines the P -and Q-matrices as:
and we here also introduce the matrix R = Q −1 . Note that Ref. [9] uses RgQ instead of P.
For axisymmetric particles (such as spheroids), a major simplification is that all matrices are decoupled for each m, and we may therefore treat each m separately. The matrix elements for a given m will then be denoted T ij nk|m . Moreover, for particles with reflection symmetry with respect to the z = 0 plane (like spheroids), half of the matrix elements are zero, namely:
for A = P, Q, R, T .
B. Spheroidal coordinates and harmonics
We consider a dielectric spheroid (prolate or oblate) of semi-height c along the z-axis and semi-width a along x, y. It will be convenient to define oblate spheroidal coordinates and parameters by exactly the same formulae, since this choice means the T -matrix expressions for prolate and oblate spheroids will also have exactly the same expressions. We define the focal parameter f = √ c 2 − a 2 . Then prolate spheroids have c > a, half focal-length f , and oblate spheroids have a > c, focal disk radius −if = √ a 2 − c 2 . The spheroidal coordinates ξ, η are defined in terms of r + , r − , the distance from the top and bottom focal points:
for both prolate and oblate. ξ = ξ 0 = c/ √ c 2 − a 2 defines the surface of our scatterer. For prolate spheroidal coordinates, ξ 0 ranges from 1 (needle) to ∞ (large sphere), while for oblate coordinates, ξ 0 ranges from 0 (disk) to −i∞ (large sphere). the first or second kind P m n (ξ), or Q m n (ξ), with P m n (η). Their derivatives are denoted with a prime . Several similar definitions exist for these, and we will here use the ones specified in the Appendix, which ensure that all derived formulae are also correct for oblate spheroids.
C. Quasistatic/long-wavelength approximation
The term quasistatic here means that the wavelength of the light both inside and outside the particle is long in comparison to the particle size. As per Ref. [17] we shall define a size parameter X = k o c, where for small particles relative to the wavelength, X 1 and the fields may be considered as asymptotic expansions in powers of X, and here we consider just the lowest two orders. This approximation also requires k i c = sX 1, so the relative refractive index s must not be too large. This definition for X is convenient here, but as shown in Ref. [17] , it is usually more relevant to define the size parameter in terms of the radius of the sphere of equivalent volume. One should also note that spherical Bessel functions of higher order n can be well approximated by their dominant term (small X approximation) for up to X n [16] , so one can expect that our final expressions for matrix elements for large n, k will be valid for relatively large X. In this analysis it is crucial to be aware of how the basis functions and matrix elements depend on X. In the near field, X ≈ k o r:
and
. The quasistatic limit of the Q-matrix and R-matrix elements take a special form for a spheroidal particle [18, 19] and the order of the dominant terms for all matrices are summarized below [17, 18] :
where [n < k] = 1 if n < k and 0 otherwise. For general axisymmetric particles the [n < k] is not present. For P:
T has identical behaviour as P, and R as Q, so:
The aim of this work is to find analytic expressions for these dominant terms for all matrix elements for all matrix elements of T for all n, k. In Ref. [11] , expressions were derived for the T 22 block, while in Ref. [17] , expressions were obtained for all blocks but only for n, k ≤ 3.
In the process, we will also derive matrix elements for P, Q, and R, except for the lower triangular parts of Q and R, because they reduce to zero in the limit of this problem.
III. SUMMARY FOR 22 BLOCKS
For completeness we summarize the quasistatic limit for the elements of P 22 , Q 22 , R 22 , T 22 . These results were derived in Ref. [11] for P, Q, and T. They are here slightly rearranged and the corresponding expression for R is also given.
where
We have also introduced the generalized depolarization factors:
which will be further discussed in Sec. VI B. While in Ref. [11] the spheroid was assumed to be prolate, these formulae also apply to oblate spheroids using the definitions of the Legendre functions given in the Appendix.
IV. QUASISTATIC LIMIT OF T 21 , T
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A. General approach In Ref. [11] , the quasistatic limit of T 22 was found by solving an equivalent electrostatics problem, where the Helmholtz equation reduces to Laplace's equation. Here T 21 (and T 12 ) are zero to lowest order in X, so the next order in X must be considered. We focus on obtaining T 21 , as T 12 can then be obtained through
To extract the quasistatic limit of T 21 , we consider a particular quasistatic excitation, consisting of only magnetic multipoles -that is
The superscript (0) denotes the lowest non-zero order in X. Considering the orders of the spherical vector wavefunctions given in (14)- (15), we will impose that the coefficients a m n depend on X as a m n ∝ X 1−n , so that all multipole terms in the expansions are of the same order in X, and as a result we have E i , H i = O(X 1 ), with every term in the sum being O(X 1 ). It can then be shown that all elements of T 21 will be obtainable by reduction to the lowest non-zero order of X. A possible physical example where a m n ∝ X 1−n , is a low frequency radiating magnetic dipole located outside the scatterer. If we instead considered a plane wave excitation, only the lowest order multipoles would be non-negligible, and we would only obtain information about the low order entries of the scattering matrices. We now analyse which terms in the series of the incident and scattered fields can be neglected. We also need to take into account the dependence of lowest order of T 21 , R 21 , which were given in Eqs 16-18. The significant parts of the internal and scattered fields to O(X 1 ) will be
In the long-wavelength limit the magnetic field does not interact with the particle. The magnetic boundary conditions are therefore solved simply by setting the internal magnetic field identical to the external field, that is
This also means that the magnetic-multipolar part of the electric field is equal to the magnetic-multipolar part of the incident electric field. However, this alone does not satisfy the electric boundary conditions, so the problem now is to solve for the coefficients d 
In the long-wavelength limit the vector spherical wave functions are
This means we can express the electric field as:
with
Inserting (37)-(39) into the electric boundary conditions 1 :
with ∂ n =n · ∇. For axisymmetric particles,n ·φ = 0 sô
which can be obtained directly from the componentwise expressions for the vector spherical harmonics (see Ref.
[9] App. C). We can obtain expressions for T 21 by solving for V s to obtain q in terms of a, and comparing this solution with the matrix expression (31). This approach can also be used for R 21 .
B. Analytic expressions for spheroids
Spheroidal particles are a special case where there exists a full analytic solution in spheroidal coordinates. This provides a means to find analytic expressions for the entire T, P, and Q matrices. We follow a similar approach to Ref. [11] : solve the boundary problem in terms of spheroidal harmonics and re-express this in terms of spherical harmonics by applying basis transformations. We want to solve for the potentials V i , V s , knowing U . Since U , V i , V s satisfy Laplace's equation, we can express them as series of spheroidal harmonics:
In light of evaluating the boundary conditions, for a spheroid we haven =ξ, and
The benefit of using spheroidal harmonics is that we can simply equate the coefficients of P 
and re-index the sums so that all terms contain P m n (η). Then by equating the coefficients we obtain
Now we must express this solution on a spherical harmonic basis. The relevant relationships between the spherical and spheroidal harmonics are
where the coefficients α m nk , β m nk are given in Appendix C. By substituting these expressions into the potential and electric field expressions, we find that the series coefficients must satisfy
Combining these with the relationship between C m n and A m n , we obtain an expression relating q and a which can be compared to (31) to obtain T 21 . We can also follow a similar derivation and obtain the quasistatic limit of R 21 . We can then obtain expressions for P 21 and Q
21
from their matrix relationships to T and R. We have 
The expressions for P 21 , Q 21 and R 12 were simplified using the following identity:
which can be obtained by combining the expansions between spherical and spheroidal harmonics (C2) and (C1) and noting their orthogonality.
Note that the lower triangular parts of Q 12 , Q 21 , R 12 , R 21 are zero within this quasistatic approximation. P
12
and Q 12 can moreover be obtained through:
which can be derived for a general axisymmetric scatterer from the integral expressions given in Refs. [11, 20] .
V. QUASISTATIC LIMIT FOR T 11
This block determines the scattered magnetic multipole field induced by an incident magnetic multipole field. For non-magnetic particles, this matrix is zero in the static case and only arises from non-zero frequency interactions. We can obtain the matrix elements using a similar method to that for T 21 , this time formulating the problem in terms of magnetic fields.
A. General formulation
Following the approach for T 21 , the matrix T 11 can be found by considering an incident field of magnetic multipoles, but here the spherical vector wave functions must be expanded to second order: 
This approach differs for the cases m = 0 and m = 0, since the off diagonal T -matrix blocks are zero for m = 0. To lowest order, c
nm = s −n a nm as in (30), and the leftmost terms in H e and H i are identical. d nm , p nm and q nm are all kept to lowest order only. The problem is to solve for p nm and c (2) nm .
To express RgN (2) nm with harmonic functions, we note that for a solution of the Helmholtz equation [21] 
Then we express the incident field to second order as: 
As in (64), the first three terms of H i on the right hand side are known, while U 
For the second boundary condition it is convenient to integrate over η. Then we expand the fields as series of spheroidal harmonics, apply recurrence identities for the Legendre polynomials, and re-index the summations to express the η dependence of each term in the series as P n (η). There is a lot of algebra so we skip to the final result:
where P p ≡ P p (ξ 0 ). Unlike the other T-matrix blocks, this has no log terms or singular points -it is a polynomial in ξ 0 . Despite its appearance, one can check numerically that this expression is actually symmetric about n and k, as it should be. None of the terms individually are symmetric, making it hard to recognise a symmetric form of this expression. This suggests there could be simpler approach to obtaining the matrix, maybe where the 2 nd order fields are split differently to (67) or a combination of one electric and one magnetic boundary condition could be applied instead.
C. Prolate spheroids, m = 0
For m = 0, the problem has the additional complication of coupling from the electric multipoles induced in both the internal and scattered fields. In this case the boundary condition onη · H is too complicated, but the condition forφ · H is non-zero and manageable, so we have
The derivative ∂ θ can be applied directly to the spherical harmonics, which splits them into two different orders, adding another layer of complication. All potentials are harmonic and should be expanded on a basis of spheroidal harmonics, and then related to their corresponding expansion in spherical wave functions. The series coefficients d 
Where α m nk and β m nk are the coefficients in the expansions (C2) and (C4) in the appendix. Again the matrix is symmetric despite its appearance, and it is likely that simplified expressions could be found.
VI. DISCUSSION
A. Evaluating and checking expressions
For convenience, Matlab codes to evaluate the quasistatic matrices are attached as supplementary material. For oblate spheroids, as mentioned earlier, all expressions for the matrices in this paper can be used as they are. The Legendre functions should be defined from their definition "'off the cut", ie. all complex space except on the real line from −1 to 1. Matlab codes to evaluate these Legendre functions are also provided. All the obtained expressions were checked against the exact T -matrix results, which can be computed to a high accuracy [14, 22] , and the relative error is plotted in figure 2 . The radiative correction was also applied to the quasi-static T -matrix: T → T(I − T) −1 [23] , which had a noticeable increase in accuracy for larger particles (for example the spheroid on the right plot). Results are similar to the error plots for T 22 presented in [11] . This numerical check provides independent confirmation of the validity of these analytic formulae. The size parameter isX = k 1 r eq = k 1 3 √ c 2 a where r eq is the radius of the volume equivalent sphere. The accuracy generally improves as the size parameterX decreases, and the approximations appear to somewhat favour low aspect ratios. Accuracy increases modestly with order, and tends to be more accurate for with positive real part.
B. Depolarization factors
The T -and R-matrix expressions contain what we may call generalised depolarisation factors:
which reduce to the well known dipolar depolarisation factors L x , L y , L z for n = 1, and obey the sum rule (see appendix for proof):
For n = 1 this is equivalent to
We can also find integral expressions for the depolarisation factors by comparison with the EBCM. In the quasistatic limit of the EBCM for axisymmetric particles the diagonal elements of Q 22 may be expressed as (after some manipulation)
where r(θ) defines the surface of the scatterer. Eq. (78) reduces to the approximate (if the internal field is nearly uniform) dipolar responses in [24] . As r(θ) becomes constant (i.e. for a sphere), the integral disappears. For spheroids
and from (20) we have for the diagonal
Comparing (80) and (78) we find
This agrees numerically with (76), although analytically is not obvious. We have introduced (81) not as a practical device but as an extension of the integral expression in [24] and to highlight the connection with the EBCM.
C. Quasistatic plasmon resonances of spheroids
In all matrix elements expressions, we see that the expression 1 + ( − 1)L m n (ξ 0 ) appears as a denominator. For metallic scatterers, the real part of is negative and this denominator can approach zero for a certain wavelength if losses (imaginary part) are small. This result in a very strong optical response commonly referred to as a localized surface plasmon resonance (LSPR) of the nanoparticle [25] . For a sphere, these resonances occur for ( ) = −2 for the dipolar resonance and ( ) = −(n + 1)/n for n-multipolar resonances. The generalized depolarization factors allow us to define and study these resonances in spheroids. They occur for:
for all n ≥ 1, m ≥ 0. For n = 1, this reduces to the known dipolar LSPR of a spheroid [25] , where excitation along z corresponding to L [26] , but here the resonances are associated with their excitations from spherical multipoles through the T -matrix. For small aspect ratios, the resonances are split relative to the spherical case, and for higher orders n, there are more splittings (one for each m ≤ n), but the shifts are small. 
which lead to the small sphere resonance conditions, ( res ) = −(n + 1)/n, as expected.
VII. CONCLUSION
We have provided an approach to find the quasistatic limit of T for any axisymmetric particle, and in the case of spheroids, this approach leads to analytic expressions. For non-magnetic particles, the magnetic multipole field does not interact with the object in the static limit. This means that this interaction cannot be seen without considering at least the lowest two orders of the spherical wave functions. This is exactly the case for a sphere, where the T -matrix reduces to the electric and magnetic Mie susceptibilities. The quasistatic limit of the electric susceptibilities is obtained from an electrostatics problem, while in this limit the magnetic susceptibilities are zero. For magnetic particles however, T 11 is nonzero to the lowest order and could be obtained from a magnetostatics problem, with very similar formalism to the electrostatics problem for T 22 . In a recent paper [17] the T -matrix was found to 3 rd lowest order, i.e. O(X 6 ), which involves only up to multipolarity n = 3. The results were derived by direct Taylor expansion of the EBCM, and are particularly relevant in the context of plane wave scattering. In contrast, here we have found the lowest non-zero order of the individual elements, by considering a point source excitation where every T -matrix element is equally important. Some of the results of these two approaches coincide, in particular the lowest orders of T These results were used to confirm and simplify some of the ECBM-derived expressions. We believe these analytic expressions will be useful in fundamental studies of the T -matrix method, for example in relation with the Rayleigh hypothesis and analysis of quasistatic resonances.
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Appendix A: Definitions of Legendre functions
There exist different definitions of the Legendre functions P m n (x), Q m n (x) for x real, |x| < 1 (the branch cut) and off the cut. First of all, the Legendre polynomials are defined as (which applies on and off the cut)
For the spherical harmonics (where cos θ is on the cut):
Some authors multiply by (−) m in their definition. For the spheroidal harmonics, the coordinate ξ is off the branch cut for both prolate and oblate spheroidal coordinates. Here the Legendre functions of the second kind are
For m > 0 this manuscript uses the definitions 
We will use the result 
which can be proved by integrating a special case of the "addition theorem" [28] :
and using [29] (note their P 
Finally, (B5) and (B7) may be combined and rearranged to obtain (B1).
Appendix C: Relationships between spherical and spheroidal solid harmonics
Below are the relations between spherical and spheroidal harmonics used throughout the manuscript. The azimuthal dependence e ±imφ is omitted since it is the same on both sides. Derivations can be found in [12, 13] . 
